We investigate binary mixtures of large colloids interacting through soft potentials with small, ideal depletants. We show that softness has a dramatic effect on the resulting colloid-colloid effective potential when the depletant-to-colloid size ratio q is small, with significant consequences on the colloidal phase behaviour. We also provide an exact relation that allows us to obtain the effective pair potential for any type of colloid-depletant interactions in the case of ideal depletants, without having to rely on complicated and expensive full-mixture simulations. We also show that soft repulsion among depletants further enhances the tendency of colloids to aggregate. Our theoretical and numerical results demonstrate that -in the limit of small q -soft mixtures cannot be mapped onto hard systems and hence soft depletion is not a mere extension of the widely used Asakura-Oosawa potential.
calculations [39] [40] [41] [42] [43] [44] [45] . Recent work has also been devoted to the effects induced by interactions between depletant molecules, such as the investigation of the phase behaviour of non-ideal mixtures of hard spheres with very short-range Yukawa tails [46] and a few studies on the effect of attractive interactions on depletion forces [47] [48] [49] . Moreover, when colloiddepletants interactions are not hard, as in all these systems, it has been shown that the depletion mechanism, which in the AO model is controlled solely by entropy, can become dominated by enthalpy [38, 50, 51] .
Even though a qualitative difference between the AO model and depletion effects in nonhard systems has already been noted [38, 42, 46, 52] , the generalisation of the AO mixture to the case of soft colloid-depletant interactions has not been thoroughly tested, except for the work of Zausch and coworkers [43] , who have shown that for q = 0.8 the system can be assimilated to a HS mixture with an effective particle diameter. In this work we take a step forward and investigate the effects of softness in colloid-depletant interactions. Treating the depletant molecules as ideal, we show that even a small amount of softness produces a dramatic effect on the resulting depletion attraction at small q-values. By focusing on representative model systems for soft potentials, such as inverse power-law and hertzian potential, we calculate numerically and theoretically the effective interaction between soft colloids immersed in ideal depletants, in the case of colloid-depletant soft repulsion. We find that the resulting depletion attraction is strongly enhanced with respect to the AO case both in range and in depth, a feature that is generic for any kind of soft interaction. By comparing soft depletion with the corresponding AO case in terms of second virial coefficients, we show that, unlike one-component systems [53, 54] , soft mixtures cannot be mapped onto hard ones. These results hold true also when interactions between depletant particles in the form of soft repulsion are considered. Our results have, thus, profound consequences on the phase behaviour of depletion-interacting soft colloids, which have not been really appreciated so far, except for few sporadic studies [42, 45] .
I. METHODS

A. Theory
Without loss of generality, the solvent-mediated effective pair potential can be formally expressed in terms of grand canonical averages in a pure depletant reservoir at fixed temperature T , volume V and activity z d [55] . In the special case of ideal depletants (but arbitrary colloid-depletant interaction), this expression can be written in closed form as
where ρ d is the reservoir depletant number density, v cd (r) is the colloid-depletant potential, β = 1/k B T and k B is the Boltzmann constant. Equation 1 reduces to the well-known AO potential between two colloids whose centres are at distance R when v cd is a pure hard-core interaction. By use of the convolution theorem in Eq. (1), V depl can be easily evaluated numerically by Fourier transform and added to the direct colloid-colloid interaction V cc , to yield the total colloid-colloid potential
As representative models of soft spheres, we focus on interactions (both for colloid-colloid and for colloid-depletant) given by (i) an inverse power-law potential with exponent n, V n (r) = (σ µ /r) n , where = 1 is the energy strength in units of k B T and (ii) a hertzian
, where Θ is the Heaviside step function and λ = 500k B T is the strength of the interaction (fixed by recent comparison with experiments [14] ).
Here the subscript µ refers to the three length-scales of the problem σ c , σ d and σ cd , where
. A key role is played by the depletant-to-colloid size ratio, formally defined as
As shown in the Appendix, for a steep power-law colloid-depletant interaction (n 1), the resulting effective interaction between two colloids can be approximated as
where α = n σ cd and Q i are fourth degree polynomials in R − 2σ cd . This analytical result
shows that an approximately exponential tail, absent in the celebrated AO expression, is generated by the softness of the direct interaction.
In order to compare V depl with the AO expression for hard colloid-depletant interactions, it is convenient to first map the colloid-colloid interaction into an effective hard-sphere potential. As usual, we define an effective colloidal hard-core diameter σ c eff = hσ c by imposing the equality of second virial coefficients [53, 54] . Such an equivalence is known to faithfully reproduce the properties of the pure colloidal particle suspension at low density. We now ask whether an analogous mapping can be carried out for the colloid-depletant interaction, thereby reducing the system to the well studied AO model. we map the soft repulsion onto the HS system through the definition of an effective hard sphere diameter σ eff such that
The second virial coefficient
The use of this formula yields σ eff = hσ, where h = 1.01818 for V 36 and h = 0.9272 for V HZ with λ = 500k B T . In order to avoid the introduction of too many length scales, we adopt throughout the manuscript the convention that, σ c , σ d , σ cd identify the characteristic lengths defining the soft particles. These are indeed the quantities directly accessible experimentally, e.g. for hertzian particles they correspond to the experimentally determined diameters (by means, for example, of dynamic light scattering [19] ). When we compare to the AO case we then use the corresponding rescaled effective diameters, multiplying them by the factor h, which is potential-dependent. In the case of hard particles (and thus for the AO case) h = 1, by definition. Note that mapping V cc onto an effective hard-core potential requires a rescaling of σ c , while to map the depletant density or the AO range we need to rescale σ d .
C. Simulations
To evaluate effective potentials we perform parallel runs of Monte Carlo (MC) simulations in the canonical ensemble of two large colloids of diameter σ c in solution with small particles of size σ d . We use umbrella sampling to constrain the distance between the two colloids [57] :
in each run, the two large particles can explore only a limited range ∆ i of reciprocal distances, and the probability P (x, ∆ i ) to find the colloids at a given surface-to-surface distance x within such interval is computed. Since different runs are allowed to have a small overlap in the probed ∆ i , we obtain the total P (x) by merging together all the P (x, ∆ i ) by means of a least-squares-based algorithm. Finally, we extract the effective potential from the relation
where C is a constant that is set by imposing V depl (∞) = 0. We explore different cases in which the colloids interact between them and with the co-solute particles with different interaction potentials.
To test the validity of the calculated effective two-body potentials, we also perform MC simulations of a monodisperse system of colloids interacting with V tot (thereby neglecting many body interactions) and compare them with the corresponding full binary mixture.
Due to the large number of depletant particles, especially at the small q-values studied here, we use brownian dynamics on GPUs to simulate the full mixture.
For the one-component system we simulate N c = 10000 colloids at a density ρσ
interacting through V tot = V 36 + V depl , with V depl obtained from Eq. 1. For comparison, we also simulate the same system interacting with the AO potential given by
in the range hσ c < r ≤ 2hσ cd and 0 for r > 2hσ cd . We perform both one-component
27. We recall that ρ d is the depletant number density of a reservoir at fixed temperature T , volume V and activity z d .
In the full mixture case, the system is in thermal equilibrium with the depletant reservoir, and thus the two share the same activity z d . However, the presence of the colloids makes it so that the resulting depletant density of the system is not ρ d but ρ r d = αρ d , where the factor α = α(q, ρ c ) depends solely on the size ratio q and the colloid density ρ c . We compute α by means of the free-volume theory [58] , obtaining the value α = 0.93. We confirm this value by explicitly computing the excess chemical potential µ ex of the full mixture with the Widom insertion method, since α = exp(−µ ex /k B T ). Therefore, we simulate a system composed by N c = 100 colloids and N d = 250000 depletants with size ratio q = 0.1. The colloid number density is ρσ and with the depletants. The latter behave as ideal among themselves. As clearly shown, particularly for small q, the potential is much more attractive than its AO counterpart.
Not only the contact energy decreases, e.g. by more than 30% in the case q = 0.1, but, most importantly, it develops a long-distance contribution which grows dramatically upon decreasing q. Indeed, while for an AO mixture the range of the interaction is exactly σ d = qσ c , the corresponding soft version has as exponential tail with a range roughly twice as large in the low-q limit. The AO behaviour is recovered only at large q [43] . Finally, decreasing n leads to an even larger discrepancy with AO (inset).
To provide a physical interpretation of these findings, we refer to the cartoons shown in to-surface distance x between large particles is smaller than σ d (and up to contact), the two coronas overlap, giving rise to a larger available volume for the small particles. In the case of soft interactions particles can (i) partially interpenetrate paying a small energy penalty and (ii) feel a residual repulsion from a colloid even when the latter is relatively distant, due to the potential tail. It is precisely this tail that causes the effect of increasing the effective attraction among larger soft spheres. Indeed, when large particles are found at x = hσ d as in Fig. 1(b) , the depletants that are in the region between the two colloids feel roughly twice the long-tail soft repulsion than those closer to one colloid only. As a result, depletants prefer to stay outside the region between the two colloids, thus producing a residual imbalance in the osmotic pressure that generates an attractive force even when colloids are located at a relative distance x > hσ d . The range and strength of the tail are controlled by the functional form of the potential, making this effect more pronounced for softer particles, while naturally recovering AO for hard particles, i.e. for n → ∞ (see Appendix). Since this enhanced depletion depends entirely on the behaviour of the soft tail of the interaction potential, it is expected to be generic for any soft system. In addition, this effect is important only for small q-values, because the range of the tail must effectively compete with the range of the effective potential. Thus, for larger q the potential is typically negligible even at a surface-to-surface distance σ d , so that one still recovers the AO behaviour even for small n. This explains the findings of Zausch et al [43] , who showed the equivalence between a soft and the AO mixture for q = 0.8. For small q values, on the other hand, our results
show that a mapping between AO and soft depletion is not possible. We believe that this large effect of softness on the interaction potential between colloids could be experimentally observed through different experimental approaches. For instance, a direct way to obtain the potential mean-force can be achieved through the use of holographic microscopy [59] , which allows to compute the histogram of distances (or, equivalently, the radial distribution function), of a diluted colloidal system in the presence of soft depletants. Also, a possible way to establish the effective depletion potential is by using confocal microscopy even in more dense colloidal systems, to compare the measured radial distribution function with theoretical/numerical predictions [19] .
We now show that Eq. 1 quantitatively describes the numerical results. The comparison between the theoretical and simulation data is reported in Fig. 1(e) , showing that the two sets fall on top of each other. In addition, we also plot the predictions obtained by the asymptotic formula in Eq. 2, which applies to the case of inverse power-law pair potentials.
Despite a systematic overestimation of the contact energy, the description of the data is qualitatively correct. Moreover, scaling the predictions to the contact energy of the exact results provides a very good agreement (inset of Fig. 1(e) ), thus proving that soft depletion in this case has a ∼ exp(−n x/σ cd ) tail for x/σ d > 1 which is essentially controlled by n (and to a smaller extent by q). Therefore, this contribution is always present for finite n, and one can never recover the AO result, e.g. by a simple rescaling of ρ d .
B. Consequences on colloidal phase behaviour
As we mentioned before, potentials of different shape behave in an identical way when compared using B * 2 as a control parameter [56] . Indeed, it was shown that such systems exhibit a gas-liquid phase separation at B * 2 ∼ −1.2 [22, 27, 56, [60] [61] [62] [63] . We calculate B * 2 for the total potential among colloids, V tot = V n + V depl , for different q values as a function of ρ d . The results, reported in Fig. 2 , clearly show the dramatic consequences of softness, which leads to a significant decrease of the critical ρ d with respect to the AO case. For small q, this decrease is of the order of a factor 2. Only for large n the AO behaviour is recovered (see Appendix). However, for small and intermediate n, a simple rescaling of the density or of the size ratio is not sufficient to reproduce the AO behaviour in the whole ρ d range. Indeed, leaving ρ d as a free parameter is not sufficient to rescale the soft and AO curves on top of each other, as shown by the purple squares in Fig. 2. A perfect curve collapse is unattainable even for different soft potential, i.e. inverse power law interactions with distinct n exhibit different B * 2 ρ d -dependences owning to the peculiar functional forms of the resulting V tot .
The knowledge of the ρ d -dependence of B * 2 becomes crucial in order to simulate the full mixture, a practice that is becoming more and more common thanks to the increasing usage of GPU computing [64] [65] [66] [67] . While the thermodynamics and structure of the depletants can be investigated via MC simulations by employing non-local update algorithms [68, 69] , brownian dynamics simulations also allow to assess the dynamics of depletants and colloids.
To this aim, we consider an effective one-component colloidal system interacting with V tot and compare it with the corresponding soft binary mixture. We find perfect agreement between the two, as shown in Fig. 3(a) , where the two colloidal structure factors fall on top 
C. Generality of the results: the case of hertzian particles
To show that the above results hold for any type of soft particles, we also consider particles interacting with a Hertzian potential V HZ . Such a potential well describes the fluid structure of microgel suspensions [19] . We use V HZ for both colloid-colloid and colloiddepletant interactions, while depletants are ideal among themselves. In Fig. 4 we show V tot , calculated from simulations and using Eq. 1 for V depl , at q = 0.1 and for various values of 
D. Effect of soft repulsion among depletants
At this point, it appears important to address the role of depletant-depletant interactions on the results presented in the previous sections. In particular, it would be desirable to get some insights as to whether soft repulsions, naturally arising between the depletant themselves, can act against the enhancement of attraction induced by softness with respect to the AO case, and thus reduce the practical importance of our results for real systems. The most used depletants are polymers, which can be modelled in a coarse-grained treatment as weakly repulsive gaussian particles [70] . Therefore, one would expect that their mutual interactions do not significantly modify our findings with respect to the ideal case. On the other hand, it is well known that, in the case of hard sphere depletants, the effective potential develops oscillations, modulated by the depletant size, causing on top of the attraction a repulsion among colloids at certain distances [2] . One may then be inclined to think that a repulsion among depletants may weaken the total effective attraction among colloids. To investigate whether this is the case, we have performed additional simulations to calculate the effective potential in the case of two soft colloids, modelled with V 36 , immersed in a sea of (i) polymers, interacting with a gaussian potential following Bolhuis and Louis [40] , and
(ii) soft particles, also interacting with V 36 . In both cases, the cross interactions between colloids and polymers are also modelled with V 36 and the size ratio has been fixed to q = 0.1. reduces at large distances, but the effect appears to be compensated by a deeper minimum in the potential, which moves at shorter distances with respect to the ideal case. Such an effect is generated by the softness of the colloids, which allows for a deeper interpenetration.
To quantify the effect of the polymer-polymer interaction on the colloidal phase behaviour, we numerically compute the normalised second virial coefficient for the investigated state points. This is shown in Fig. 6 . We can thus conclude that, while deviations in the potential are observed also for not so high values of the depletant density, B * 2 does not change much due to the compensation between increased attraction at contact and increased repulsion at distances R/(σ c h) ∼ 1 + q.
In the case of depletants that are not as soft as polymers, more significant deviations Regarding the HS mixture data, the data point at ρ d σ 3 d h 3 = 0.14 is obtained from the effective potential evaluated in Ref. [71] , while the rest of the points are obtained by data in Ref. [72] . Inset: V tot for the ideal, polymer-like and soft depletant cases at fixed
from the ideal case are observed. This is shown in the inset of Fig. 6 . Here, we compare V tot for the ideal case both with Gaussian polymers and with soft depletants interacting with V 36 . The effects already noticed for polymers are still present, being actually amplified by a stronger depletant-depletant repulsion. Thus, a (repulsive) peak develops at large distances, while the minimum at contact becomes larger and moves to smaller distances. The resulting B * 2 , also shown in Fig. 6 , tells us that the increased attraction is dominant, further lowering the second virial coefficient with respect to the ideal case. Thus, even in the presence of depletant interactions in the form of soft repulsion, we find that the AO model remains very far from what observed in soft mixtures and depletion is always enhanced by softness.
However, one may argue that a system composed of small and large soft spheres (with all interactions modelled as V 36 ) should be naturally compared to a mixture of hard spheres, rather than to the AO model. To this aim we complement Fig. 6 with calculations of B * 2 for a q = 0.1 HS mixture. We find that in this case the second virial coefficient becomes negative at a much larger depletant density not only with respect to the the soft mixture case, but also with respect to the AO mixture [72, 73] [79]. Therefore, we conclude that the enhanced attraction seen in the systems under study comes unequivocally from the soft nature of the colloid-polymer (and colloid-colloid) interaction.
III. CONCLUSIONS
In this work we have established that, for small depletant-to-colloid size ratio, soft depletion cannot be described by a suitable rescaling of the AO potential. Indeed, the tail of soft interactions enhances, both in depth and in range, the effective colloid-colloid attraction induced by soft depletants of small sizes. We have also provided a simple theoretical expression which allows us to evaluate the effective potential among colloids and ideal depletants of any mutual interaction. These findings hold for different models of repulsive soft particles, having consequences on the phase behaviour of colloidal systems, which is usually established by means of effective one-component potentials. When these take into account the softness of the particles, phase separation requires a much lower density of depletants with respect to the AO case. This makes it unfeasible to neglect softness when mapping the full mixture of colloids and co-solutes onto the effective one-component system. Corrections arising for non-ideal depletants do not qualitatively alter our findings, confirming the enhancement of attraction among colloids also when depletants interact among themselves with soft repulsion. Finally, we stress that our representation of "soft" spheres interacting through a n = 36 inverse power-law potential is often used as a "hard" approximation [74] [75] [76] and, most importantly, that real colloidal particles are typically at least as soft. In addition, depletion forces are not only relevant for colloidal science, but also play an important role in biological and cellular organisation, typically involving soft particles [37, 77] .
Thus, our results have a broad generality and call for the need to go beyond the AO model when dealing with more realistic depletion effects due to repulsive forces. 
This effective interaction tends to the Asakura-Oosawa form in the limit n → ∞.
B. Inverse-power-law V tot as a function of q and as n → ∞
Here we show how the AO limit is recovered as n → ∞. Fig. 7 shows the q-dependence (top) and n-dependence (bottom) of V tot (r) = V n (r) + V depl (r). Fig. 8 reports the ndependence of the normalised second virial coefficient B * 2 as a function of the depletant density ρ d . The AO limit can be strictly recovered only for n → ∞. For small n, at large q, the AO behaviour is also recovered (except for the soft core) and the range of V tot and V AO become the same, so that the two can be mapped onto each other [43] . However, in this limit, a one-component picture becomes questionable and many-body forces become important.
FIG. 7:
V tot = V n + V depl for a mixture of soft colloids and depletants for ρ d σ 3 d h 3 = 0.158 and for (top) different values of q and n = 36. In the inset a zoom of the data is provided to see that at large q, the AO behaviour is recovered; (bottom) q = 0.1 and different values of n. Here, as n → ∞, V tot → V HS + V AO (black line). The dependence of h on n is described in Ref. [54] .
